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Abstract We investigate the regular or chaotic nature of or-
bits of stars moving in the meridional plane (R, z) of an ax-
ially symmetric galactic model with a flat disk and a cen-
tral, non spherical and massive nucleus. In particular, we
study the influence of the flattening parameter of the cen-
tral nucleus on the nature of orbits, by computing in each
case the percentage of chaotic orbits, as well as the percent-
ages of orbits of the main regular families. In an attempt
to maximize the accuracy of our results upon distinguishing
between regular and chaotic motion, we use both the Fast
Lyapunov Indicator (FLI) and the Smaller ALingment In-
dex (SALI) methods to extensive samples of orbits obtained
by integrating numerically the equations of motion as well
as the variational equations. Moreover, a technique which is
based mainly on the field of spectral dynamics that utilizes
the Fourier transform of the time series of each coordinate
is used for identifying the various families of regular orbits
and also to recognize the secondary resonances that bifur-
cate from them. Varying the value of the flattening parame-
ter, we study three different cases: (i) the case where we have
a prolate nucleus (ii) the case where the central nucleus is
spherical and (iii) the case where an oblate massive nucleus
is present. Furthermore, we present some additional findings
regarding the reliability of short time (fast) chaos indicators,
as well as a new method to define the threshold between
chaos and regularity for both FLI and SALI, by using them
simultaneously. Comparison with early related work is also
made.
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1 Introduction
Knowing the dynamical properties and the overall orbital
structure of galaxies is an issue of paramount importance.
Therefore, scientists in an attempt to explore and interpret
their structure, they usually build and apply galactic dynam-
ical models, which in most cases are mathematical expres-
sions giving either the potential or the mass density of the
galaxy, as a function of the radius R from the center. The
reader can find a variety of interesting models, describing
motion in galaxies in [6]. Moreover, potential density pairs
for galaxies were also presented by [68]. Over the last years,
several types of galactic models have been proposed in an
attempt to model the orbital properties in axially symmet-
ric systems. A simple yet realistic axisymmetric logarithmic
potential was introduced in [2] for the description of galac-
tic haloes at which the mass density drops like R−2 [22].
However, the most well-known model for cold dark matter
(CDM) haloes is the flattened cuspy NFW model [47,48],
where the density at large radii falls like R−1 . This model
being self-consistent has a major advantage and that’s why
it is mainly used for conducting N-body simulations.
In order to obtain the mass profiles of galaxies, we have
to use dynamical models describing the main properties of
the galaxies. These models can be generated by deploying
two main techniques: (i) using superposition of libraries of
orbits (e.g., [24,63,8]) or (ii) using distributions functions
(e.g., [21,25,39]). In the literature there are also other more
specialized dynamical models combining kinematic and pho-
tometric data. For instance, axially symmetric Schwarzschild
models were used by [7], while [33] used Jeans models in or-
der to fit observational data in the X-ray potential introduced
by [32]. Furthermore, axisymmetric Schwarzschild models
were also used by [56] to fit data derived from the Hubble
Space Telescope (HST).
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Over the last years, Schwarzschild’s superposition method
[55] has been heavily utilized by several researchers (e.g.,
[52,24,63,65,38,64]) in order to model dark matter distribu-
tions in elliptical galaxies therefore, we deem it is necessary
to recall and describe briefly in a few words the basic points
of this interesting method. Initially, N closed cells define the
configuration space, while K orbits extracted from a given
mass distribution construct the phase space. Then, integrat-
ing numerically the equations of motion, we calculate the
amount of time spent by each particular orbit in every cell.
Thus, the mass of each cell is directly proportional to the to-
tal sum of the stay times of orbits in every cell. Using this
technique, we manage to compute the unknown weights of
the orbits, assuming they are not negative.
Spherical analytical models describing the motion of stars
in galaxies were studied by (e.g., [20,51,70]). Moreover, in-
teresting axially symmetric galactic models were presented
by [19]. Recently, [71] used data derived from rotation curves
of real galaxies, in order to construct a new axially symmet-
ric model describing star motion in both elliptical and disk
galaxy systems.
Of particular interest, are the so-called composite galac-
tic dynamical models. In those models the potential has sev-
eral terms each one describing a distinct component of the
stellar system. Such a dynamical model with four compo-
nents, that is a disk, a nucleus, a bulge and a dark halo
was studied by [9]. A new composite mass model describ-
ing motion in axially symmetric galaxies with dark matter
was recently presented and studied by [10]. Composite ax-
ially symmetric galaxy models describing the orbital mo-
tion in our galaxy were also studied by [3]. In these models,
the gravitational potential is generated by three superposed
disks: one representing the gas layer, one the thin disk and
one representing the thick disk.
In a previous work [79], we introduced a new dynam-
ical model describing three-dimensional motion in non ax-
ially symmetric galaxies. This model covers a wide range
of galaxies from a disk system to an elliptical galaxy by
suitably choosing the dynamical parameters. It was found,
that the parameter which describes and controls the devia-
tion from axially symmetry is indeed very influential both in
the disk and the elliptical galaxy models. In the same vein,
we proposed in [12,80] two analytical models describing the
main body of a disk or an elliptical galaxy which contains
dark matter. In the first model [12] for the main body of the
galaxy we used a mass potential, while in the second model
[80] it was described by a logarithmic potential. The frac-
tional portion of the dark matter in the main body of the
galaxy is regulated by a parameter and our numerical calcu-
lations suggested that in both models this parameter plays a
key role to the overall orbital structure of the system.
Therefore, taking into account all the above there is no
doubt, that modelling galaxies is an issue of great impor-
tance. On this basis, it seems of particular interest to build
an analytical axially symmetric dynamical model describ-
ing the motion of stars in disk galaxies with non spherical
and massive nuclei and also explore, how the deviation from
axially symmetry of the central nucleus, being prolate or
oblate, affects the regular or chaotic character of orbits as
well as the behavior of the different families of orbits. Sim-
ilar research preformed in [28,29,72], where the effects of a
central, spherical mass component in a galaxy were investi-
gated.
The present article is organized as follows: In Section 2
we present in detail the structure and the properties of our
gravitational galactic model. In Section 3 we describe the
computational methods we used in order to determine the
character of orbits. In the following Section, we investigate
how the flattening parameter of the central non spherical nu-
cleus influences the character of the orbits. The next Section
is devoted to some additional findings of our investigation
regarding the reliability of chaos indicators. Our paper ends
with Section 6, where the discussion and the conclusions of
this research are presented.
2 Presentation and properties of the galactic model
In this work, we use an axially symmetric disk galaxy model
with an additional non spherical nucleus in order to investi-
gate how the deviation from spherical symmetry of the cen-
tral nucleus influences the regular or chaotic character of
orbits in the meridional plane (R, z). We shall use the usual
cylindrical coordinates (R, φ, z), where z is the axis of sym-
metry.
The total potential V(R, z) in our model is the sum of
a disk potential Vd and a central non spherical component
Vn. The first part is a generalization of the Miyamoto-Nagai
potential [45] (see also [13,11])
Vd(R, z) =
−GMd√
b2 + R2 +
(
a +
√
h2 + z2
)2 . (1)
Here G is the gravitational constant, Md is the mass of the
disk, b represents the core radius of the disk-halo, while the
parameters α and h correspond to the horizontal and vertical
scale length of the disk respectively.
For the description of the central non spherical nucleus
we introduce the following potential
Vn(R, z) =
−GMn
c +
√
R2 + βz2
, (2)
where Mn is the mass of the nucleus, c is the scale length of
the nucleus (acting also as a softening parameter), while β
is the flattening parameter. This model is somehow a com-
bination of two well known galaxy models: (a) the Plummer
model [49] and (b) the Hernquist’s model [30]. At this point,
we must make clear that Eq. (2) is not intended to represent
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Fig. 1 A plot of total circular velocity θ(R) of the galactic model
(black). We can also distinguish the contributions from the disk (green)
and that of the central non spherical nucleus (red).
Fig. 3 The evolution of the minimum distance dmin where negative
density appears for the first time, as a function of the flattening param-
eter β.
the potential of a black hole nor that of any other compact
object, but just the potential of a dense and massive nucleus
thus, we do not include relativistic effects.
We use a system of galactic units, where the unit of
length is 1 kpc, the unit of mass is 2.325×107M and the unit
of time is 0.9778 × 108 yr. The velocity unit is 10 km/s, the
unit of angular momentum (per unit mass) is 10 km kpc−1
s−1, while G is equal to unity. Finally, the energy unit (per
unit mass) is 100 km2s−2. In these units, the values of the in-
volved parameters are: Md = 7500 (corresponding to 1.74 ×
1011 M), b = 6, α = 3, h = 0.15, Mn = 400 (corresponding
to 9.3 × 109 M) and c = 0.25. The values of the disk and
the nucleus were chosen having in mind a Milky Way-type
galaxy (e.g., [1]). The flattening parameter β, on the other
hand, is treated as a parameter and its value varies in the in-
terval 0.1 ≤ β ≤ 1.9. The flattening parameter controls the
particular shape of the central non spherical nucleus. In par-
ticular, when 0.1 ≤ β < 1 the nucleus is prolate, when β = 1
is spherical, while when 1 < β ≤ 1.9 is oblate.
In disk galaxies the circular velocity in the galactic plane
z = 0,
θ(R) =
√
R
∣∣∣∣∣∂V∂R
∣∣∣∣∣
z=0
, (3)
is a physical quantity of great importance. Inserting the total
potential V(R, z) in Eq. (3) we obtain
θ(R) = R
√
G
 Md(
b2 + R2 + (α + h)2
)3/2 + MnR (R + c)2
. (4)
A plot of θ(R) as a function of the radius R from the galactic
center is presented in Fig. 1, as a black curve. Furthermore,
in the same plot the green curve is the contribution from the
disk, while the red line corresponds to the contribution of the
non spherical nucleus. It is seen, that at small radii from the
galactic center, R ≤ 2.56 kpc, the contribution from the cen-
tral nucleus dominates, while at larger distances, R > 2.56
kpc, the disk contribution is the dominant factor. We also ob-
serve, the characteristic local minimum of the rotation curve
due to the massive nucleus, which appears at small values of
R, when fitting observed data to a galactic model [26,34].
It is very useful to compute the mass density ρ(R, z) de-
rived from the total potential V(R, z) using the Poisson’s
equation
ρ(R, z) =
1
4piG
∇2V(R, z) =
=
1
4piG
(
∂2
∂R2
+
1
R
∂
∂R
+
1
R2
∂2
∂φ2
+
∂2
∂z2
)
V(R, z). (5)
Remember, that due to the axial symmetry the third term in
Eq. (5) is zero. If we set z = 0 in Eq. (5) we obtain the mass
density on the galactic plane which is
ρ(R) =
1
4pi
(ρd + ρn) , (6)
where
ρd =
Md
(
α3 + h
(
5α2 + 3b2 + 3h2
)
+ α
(
b2 + R2 + 7h2
))
h
(
b2 + R2 + (a + h)2
)5/2 ,
ρn =
Mn (R (β − 1) + c (β + 1))
R (R + c)3
. (7)
In the following Fig. 2(a-b) we present the evolution of ρ(R)
as a function of the of the radius R from the galactic center,
for three values of the flattening parameter β. In the same di-
agram, the red line correspond to β = 0.1, the blue curve to
β = 1, while the green line corresponds to β = 1.9. It is evi-
dent, that the mass density decreases rapidly obtaining very
low values with increasing radius R. We also observe, that
when R > 4 kpc all three curves coincide, suggesting that
the evolution of the mass density at large radii is the same re-
gardless the particular value of the flattening parameter. Ac-
cording to our numerical calculations, at large galactocentric
distances the non spherical nucleus is the dominant compo-
nent therefore, the mass density should varies like R−3.
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(a) (b)
Fig. 2 (a-left): Evolution of the mass density ρ(R) in the galactic plane (z = 0), as a function of the distance R from the center for three different
values of the flattening parameter β. (b-right): Details of Fig. 2a.
Here we must clarify, that the mass density ρ(R, z) in
our galaxy model obtains negative values when the distance
from the centre of the galaxy described by the model ex-
ceeds a minimum distance dmin, which strongly depends on
the flattening parameter β. Fig. 3 shows a plot of the evolu-
tion of dmin as a function of β. We see, that even at the ex-
treme values of the flattening parameter, that is when β = 0.1
or β = 1.9, the first indication of negative density occurs
only when dmin > 40 kpc, that is almost at the theoreti-
cal boundaries of a real galaxy. On the other hand, when
the central nucleus is spherical β = 1, the negative val-
ues of density tend to infinity, as expected. Moreover, we
must point out, that our gravitational potential is truncated
ar Rmax = 30 kpc for both reasons: (i) otherwise the total
mass of the galaxy modeled by this potential would be in-
finite, which is obviously not physical and (ii) to avoid the
existence of negative values of density.
Taking into account that the total potential V(R, z) is ax-
isymmetric, the z-component of the angular momentum Lz
is conserved. With this restriction, orbits can be described
by means of the effective potential
Veff(R, z) = V(R, z) +
L2z
2R2
. (8)
The L2z/(2R
2) term represents a centrifugal barrier; only or-
bits with sufficient small Lz are allowed to pass near the axis
of symmetry. The three-dimensional (3D) motion is thus ef-
fectively reduced to a two-dimensional (2D) motion in the
meridional plane (R, z), which rotates non-uniformly around
the axis of symmetry according to
φ˙ =
Lz
R2
, (9)
where of course the dot indicates derivative with respect to
time.
The equations of motion on the meridional plane are
R¨ = −∂Veff
∂R
, z¨ = −∂Veff
∂z
, (10)
while the equations describing the evolution of a deviation
vector δw = (δR, δz, δR˙, δz˙) which joins the corresponding
phase space points of two initially nearby orbits, needed for
the calculation of the standard chaos indicators (the FLI and
SALI in our case) are given by the variational equations
˙(δR) = δR˙, ˙(δz) = δz˙,
(δ˙R˙) = −∂
2Veff
∂R2
δR − ∂
2Veff
∂R∂z
δz,
(δ˙z˙) = −∂
2Veff
∂z∂R
δR − ∂
2Veff
∂z2
δz. (11)
Consequently, the corresponding Hamiltonian to the ef-
fective potential given in Eq. (8) can be written as
H =
1
2
(
R˙2 + z˙2
)
+ Veff(R, z) = E, (12)
where R˙ and z˙ are the momenta per unit mass, conjugate
to R and z respectively, while E is the numerical value of
the Hamiltonian, which is conserved. Therefore, an orbit is
restricted to the area in the meridional plane satisfying E ≥
Veff .
3 Computational methods
In our study, an issue of paramount importance is knowing
whether an orbit is regular or chaotic. Several chaos indi-
cators are available in the literature; we chose two of them,
namely the Fast Lyapunov Indicator (FLI) and the Smaller
ALignment index (SALI). To compute these indicators, we
integrated, along with each orbit, its corresponding varia-
tional equations (11) from unitary displacements in each of
the Cartesian directions of the phase space (R, z, R˙, z˙) of the
meridional plane.
The FLI [23,41] is known as a very fast, reliable and
effective tool, which is defined as
FLI(t) = log ‖w(t)‖, t ≤ tmax, (13)
where w(t) is a deviation vector. For distinguishing between
regular and chaotic motion, we need to compute the FLI for
a relatively short time interval of numerical integration tmax.
In particular, we track simultaneously the time-evolution of
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(a) (b)
Fig. 4 Time-evolution of (a-left): the FLI and (b-right): the SALI of a regular orbit (green color - R), a sticky orbit (orange color - S) and a chaotic
orbit (red color - C) in our model for a time period of 104 time units. The horizontal, blue, dashed lines corresponds to the threshold values of
10 (FLI) and 10−7 (SALI) which separate regular from chaotic motion. The FLI needs about 3000 time units of numerical integration in order to
identify the true chaotic nature of the sticky orbit, while the SALI method requires about 3500 time units of numerical integration for the same
purpose.
the orbit itself as well as one deviation vector w(t) in or-
der to compute the FLI. The variational equations (11), as
usual, are used for the evolution of the deviation vector. The
particular time-evolution of the FLI allow us to distinguish
between regular and chaotic motion as follows: when an or-
bit is regular the FLI exhibits a linear increase, while on the
other hand, in the case of chaotic orbits the FLI increases
super-exponentially. Unfortunately, this qualitative criterion
is applicable only when someone wants to check the char-
acter of individual orbits by plotting and then inspecting by
eye the evolution of FLI. Nevertheless, we can easily over-
take this drawback by establishing a numerical threshold
value, in order to quantify the results of FLI. A generally
accepted threshold is the value 10. Hence, in order to de-
cide whether an orbit is regular or chaotic, one may apply
the usual method according to which we check after a cer-
tain and predefined time interval of numerical integration,
if the value of FLI has become greater than the established
threshold value. Therefore, if FLI > 10 the orbit is chaotic,
while if FLI < 10 the orbit is regular. The time-evolution of
a regular (R) and a chaotic (C) orbit for a time period of 104
time units is presented in Fig. 4a.
For the computation of the SALI [60], one has to fol-
low simultaneously the time-evolution of the orbit itself as
well as two deviation vectors w1(t) and w2(t), which initially
point in two arbitrary directions. As usual, the evolution of
the deviation vectors is given by the variational equations
(11). Moreover, taking into account that in this case we are
only interested in the directions of these two deviation vec-
tors, we normalize them at every time step of the numerical
integration, thus keeping always their norm equal to unity.
By applying this technique, we manage to control the expo-
nential growth of the norm of the deviation vectors and we
also avoid overflow malfunctions. Especially, when we deal
with chaotic orbits the normalized deviation vectors point al-
ways to the very same direction and therefore, become equal
or opposite in sign. Thus, the SALI can be obtained as
SALI(t) = min(‖w1(t) + w2(t)‖, ‖w1(t) − w2(t)‖), (14)
where of course t is the time, while ‖.‖ denotes the Euclidean
norm. By definition applies that SALI(t) ∈ [0, √2] and when
SALI = 0 the two normalized deviation vectors are equal or
opposite, nevertheless pointing to the same direction. It is
the unique properties of the time-evolution of the SALI that
allow us to distinguish between regular and chaotic motion
as follows: in the case of regular orbits the SALI exhibits
small fluctuations around a non-zero value, while on the
other hand, in the case of chaotic orbits after a small tran-
sient period it tends exponentially to zero approaching the
limit of the accuracy of the computer (10−16). In Fig. 4b we
see the time-evolution of a regular (R) and a chaotic (C) orbit
for a time period of 104 time units. Generally speaking, two
different initial deviation vectors become tangent to different
directions on the torus, thus producing different sequences
of vectors leading the SALI always to fluctuates around pos-
itive values. On the contrary, for chaotic orbits, any two ini-
tially different deviation vectors in time always tend to align
in the direction defined by the maximal Lyapunov Charac-
teristic Number (mLCN) (e.g., [35]). Therefore, they either
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coincide with each other or become opposite, which forces
the SALI to decrease rapidly to zero. Thus, we can exploit
this completely different behaviour of the SALI in order to
discriminate between regular and chaotic motion in Hamil-
tonian systems of any dimensionality.
In order to investigate the orbital properties (chaoticity
or regularity) of the dynamical system, we need to estab-
lish some sample of initial conditions of orbits. The best ap-
proach, undoubtedly, would have been, if we could extract
these sample of orbits from the distribution function of the
model. Unfortunately, this is not available so, we followed
another course of action. For determining the chaoticity of
our models, we chose, for each set of values of the flatten-
ing parameter, a dense grid of initial conditions in the (R, R˙)
phase plane, regularly distributed in the area allowed by the
value of the energy E. The points of the grid were sepa-
rated 0.1 units in R and 0.5 units in R˙ direction. For each
initial condition, we integrated the equations of motion (10)
as well as the variational equations (11) with a double preci-
sion Bulirsch-Stoer algorithm (e.g., [50]) with a small time
step of order of 10−2, which is sufficient enough for the de-
sired accuracy of our computations (i.e. our results practi-
cally do not change by halving the time step). In all cases,
the energy integral (Eq. (12)) was conserved better than one
part in 10−10, although for most orbits it was better than one
part in 10−11.
Each orbit was integrated numerically for a time interval
of 104 time units (10 billion yr), which corresponds to a time
span of the order of hundreds of orbital periods but of the or-
der of one Hubble time. The particular choice of the total in-
tegration time is an element of great importance, especially
in the case of the so called “sticky orbits” (i.e., chaotic orbits
that behave as regular ones during long periods of time). A
sticky orbit could be easily misclassified as regular by any
chaos indicator1, if the total integration interval is too small,
so that the orbit does not have enough time in order to re-
veal its true chaotic character. Thus, all the sets of the grids
of the initial conditions of orbits were integrated, as we al-
ready said, for 104 time units, thus avoiding sticky orbits
with a stickiness at least of the order of a Hubble time. All
the sticky orbits which do not show any signs of chaoticity
for 104 time units are counted as regular ones, since that vast
sticky periods are completely out of scope of our research.
A characteristic example of a sticky orbit (S) in our galac-
tic system can be seen in Fig. 4(a-b), where the horizontal,
blue, dashed lines corresponds to the threshold values which
separate regular from chaotic motion. We observe, that ac-
cording to the usual threshold values the chaotic character of
1 Generally, dynamical methods are broadly split into two types: (i)
those based on the evolution of sets of deviation vectors in order to
characterize an orbit and (ii) those based on the frequencies of the or-
bits which extract information about the nature of motion only through
the basic orbital elements without the use of deviation vectors.
this particular sticky orbit is revealed after about 3000 time
units using the FLI method and only after about 3500 time
units when the SALI method is used.
To classify an orbit as regular or chaotic by using ei-
ther the FLI or the SALI, a threshold value should be es-
tablished separating both types of orbits. However, this is
a delicate issue, as these thresholds are generally obtained
by some statistical procedure, or even by eye inspection of
plots of the time-evolution of indicators versus time. Be-
sides, whereas the results of different chaos indicators agree
in general, there are also the sticky orbits, that may be mis-
classified by one or another method depending of the thresh-
old value used. We established the thresholds by taking ad-
vantage of our simultaneous computation of two chaos in-
dicators: after the set of orbits of a grid has been integrated
and the FLI and SALI were computed, we looked for those
values of the thresholds that maximised the agreement in the
classification of both methods. We found the threshold val-
ues which leave less than 1% of orbits per grid differently
classified by both methods. A more thorough description re-
garding the issue of the reliability of chaos indicators and
the corresponding threshold values is given in Section 5. It
is worth noticing, that in a previous work [78] we used the
exact same procedure dealing with mLCN and SALI, while
on the other hand, [36] used a similar combination of mLCN
and SALI, although they supplemented those indicators by
adding the computation of the variation with time of the fun-
damental frequencies of the orbits, and they did not combine
the indicators to establish their thresholds.
A first step towards the understanding of the overall be-
havior of our galactic system is knowing the regular or chaotic
nature of orbits. Of particular interest, however, is also the
distribution of regular orbits into different families. There-
fore, once the orbits have been characterized as regular or
chaotic, we then further classified the regular orbits into dif-
ferent families, by using the frequency analysis of [16,46].
Initially, [4,5] proposed a technique, dubbed spectral dy-
namics, for this particular purpose. Later on, this method has
been extended and improved by [16] and [59]. In a recent
work, [78] the algorithm was refined even further, so it can
be used to classify orbits in the meridional plane. In general
terms, this method calculates the Fourier transform of the
coordinates of an orbit, identifies its peaks, extracts the cor-
responding frequencies and search for the fundamental fre-
quencies and their possible resonances. Thus, we can easily
identify the various families of regular orbits and also rec-
ognize the secondary resonances that bifurcate from them.
Before closing this Section, we would like to make a
short note about the nomenclature of orbits. All the orbits
of an axisymmetric potential are in fact three-dimensional
(3D) loop orbits, i.e., orbits that rotate around the axis of
symmetry always in the same direction. However, in dealing
with the meridional plane the rotational motion is lost, so the
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Table 1 Type and initial conditions of the galaxy model orbits shown
in Figs. 5(a-h). In all cases, z0 = 0 and z˙0 is found from the energy in-
tegral, Eq. (12), while Tper is the period of the resonant parent periodic
orbits.
Figure Type R0 R˙0 Tper
5a box 2.75000000 0.00000000 -
5b 2:1 banana 8.12139235 0.00000000 2.52056954
5c 1:1 linear 5.67183964 26.95576753 1.83037283
5d 2:3 boxlet 14.82746221 0.00000000 3.68728638
5e 3:2 boxlet 3.17090779 12.08482214 5.43688647
5f 4:3 boxlet 13.84280496 0.00000000 7.21069423
5g 6:5 boxlet 3.33014173 29.34720297 10.89547420
5h chaotic 0.36000000 0.00000000 -
path that the orbit follows onto this plane can take any shape,
depending on the nature of the orbit. We will call an orbit
according to its behaviour in the meridional plane. Thus, if
for example an orbit is a rosette lying in the equatorial plane
of the axisymmetric potential, it will be a linear orbit in the
meridional plane, etc.
4 Numerical results - Orbit classification
In this Section, we will integrate numerically several sets
of orbits in an attempt to distinguish the regular or chaotic
nature of motion. We use the initial conditions mentioned
in Section 3 in order to construct the respective grids of ini-
tial conditions, taking always values inside the Zero Velocity
Curve (ZVC) defined by
1
2
R˙2 + Veff(R, 0) = E. (15)
In all cases, the value of the angular momentum of the or-
bits is Lz = 15. We chose the energy level E = −480 which
correspond to Rmax ' 15 kpc, where Rmax is the maximum
possible value of R on the (R, R˙) phase plane. Once the val-
ues of the parameters were chosen, we computed a set of
initial conditions as described in Section 3 and integrated
the corresponding orbits calculating the values of FLI and
SALI indicators and then classifying the regular orbits into
different families.
Our investigation reveals, that in our axially symmetric
galaxy model there are eight main types of orbits: (a) box
orbits, (b) 1:1 linear orbits, (c) 2:1 banana-type orbits, (d)
2:3 resonant orbits, (e) 3:2 resonant orbits (f) 4:3 resonant
orbits, (g) 6:5 resonant orbits and (h) chaotic orbits. Here
we must emphasize, that every resonance n : m is expressed
in such a way that m is equal to the total number of islands
of invariant curves produced in the (R, R˙) phase plane by
the corresponding orbit. In Fig. 5(a-h) we present an exam-
ple of each of the seven basic types of regular orbits, plus
an example of a chaotic one. In all cases, we set β = 0.1.
The orbits shown in Figs. 5a and 5h were computed until
t = 250 time units, while all the parent periodic orbits were
Fig. 8 Evolution of the percentages of the different kinds of orbits in
our galaxy model, when varying the flattening parameter β of the cen-
tral non spherical nucleus.
computed until one period has completed. The black thick
curve circumscribing each orbit is the limiting curve in the
meridional plane (R, z) defined as Veff(R, z) = E. In Table 1
we give the type and the initial conditions for each of the
depicted orbits, while for the resonant cases, the initial con-
ditions and the period Tper correspond to the parent periodic
orbits.
To study how the flattening parameter β of the non spher-
ical central nucleus influences the level of chaos, we let it
vary while fixing all the other parameters of our galaxy model.
As already said, we fixed the values of all the other param-
eters and integrate orbits in the meridional plane for the set
β = {0.1, 0.3, 0.5, ..., 1.9}. The exact value of β does not in-
fluence the total number of initial conditions of orbits per
grid. The points in every grid were separated 0.1 units in the
R and 0.5 units in the R˙ direction, which results to a total
of 7173 initial conditions (R0, R˙0) of orbits under investiga-
tion. For the computation of the FLI and SALI of orbits in
each grid, we need about 4.5 h of CPU time on a Pentium
Dual-Core 2.2GHz PC.
In Figs. 6(a-f) we present grids of initial conditions (R0, R˙0)
of orbits that we have classified for six values of the flat-
tening parameter β when the central nucleus is prolate, that
is when 0.1 ≤ β < 0.9, or spherical when β = 1. Here,
we can identify all the different regular families by the cor-
responding sets of islands which are formed in the phase
plane. In particular, we see the seven main families already
mentioned: (i) 2:1 banana-type orbits surrounding the cen-
tral periodic point; (ii) box orbits are situated mainly outside
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(a) (b) (c) (d)
(e) (f) (g) (h)
Fig. 5 Orbit collection of the eight basic types of orbits in our galaxy model: (a) box orbit; (b) 2:1 banana-type orbit; (c) 1:1 linear orbit; (d) 2:3
boxlet orbit; (e) 3:2 boxlet orbit; (f) 4:3 boxlet orbit; (g) 6:5 boxlet orbit; (h) chaotic orbit.
(a) (b) (c)
(d) (e) (f)
Fig. 6 Orbital structure of the (R, R˙) phase plane of the galaxy model for different values of the flattening parameter β, when 0.1 ≤ β ≤ 1.
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(a) (b) (c)
(d) (e) (f)
Fig. 7 Orbital structure of the (R, R˙) phase plane of the galaxy model for different values of the flattening parameter β, when 1 ≤ β ≤ 1.9.
of the 2:1 resonant orbits; (iii) 1:1 open linear orbits form the
elongated island in the outer parts of the phase plane; (iv)
2:3 resonant orbits corresponding to the set of triple small
islands at the outer parts of the grid; (v) 3:2 resonant orbits
form the double set of islands above the box orbits; (vi) 4:3
resonant orbits correspond to the inner triple set of islands
shown in the phase plane and (vii) 6:5 resonant orbits pro-
ducing a chain of five tiny islands which are deeply buried
in the chaotic sea. Apart from the regions of regular mo-
tion, we observe the presence of chaotic areas surrounding
all the stability islands. Thus, we may conclude, that when
the central nucleus is either prolate or spherical, there is not
a unified chaotic domain, at least in this z = 0 slice of the
phase space. The outermost black thick curve is the ZVC
defined by Eq. (15).
Similar girds of initial conditions (R0, R˙0) of orbits are
given in Figs. 7(a-f). In this case, we have classified orbits
for six values of the flattening parameter β when the cen-
tral nucleus is oblate, that is when 1.1 < β ≤ 1.9 (we in-
cluded again the grid of the spherical model for compari-
son between prolate and oblate grid models). Apart from the
2:3 resonant family, all the other main families of regular
orbits are still the same as in the previous case (prolate nu-
cleus) and form well-defined islands of initial conditions in
the grids. We observe, that the structure of the phase plane
change very little with increasing β, unlike the previous case.
Looking carefully at the grids of initial conditions pre-
sented in Figs. 6(a-f) and 7(a-f) we can draw interesting re-
sults regarding the orbital structure of the phase plane which
are the following:
1. When the central nucleus is prolate with the extreme
possible value (β = 0.1), we see in Fig. 6a that apart
from the central extended region, the 2:1 resonance oc-
cupies also a secondary smaller area at the phase plane.
2. The 2:3 resonance exits only when β ≤ 0.5. Especially
when β = 0.5 the corresponding islands of the 2:3 reso-
nance are so small, that they appear as lonely points in
the grid. Will then see, that for larger values of β this
resonance becomes highly unstable and therefore disap-
pears from the phase plane.
3. For β ≥ 0.3 it is evident, that the 3:2 resonance appears
itself twice in the grid; mainly above the 2:1 region and
inside the box area but also at the outer parts of the box
area or even inside the chaotic sea.
4. Apart from the vast chaotic sea which is present at the
outer parts of the phase plane, we can also distinguish a
weak chaotic layer inside the box region which embraces
the islands of the 3:2 resonance.
5. When the central nucleus is oblate (1.1 ≤ β ≤ 1.9),
the smaller secondary islands of the 3:2 resonance dis-
appear, mainly because the entire area occupied by box
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Fig. 10 Evolution of the stability parameter S.I. of the families of pe-
riodic orbits shown in Figs. 9(b-g) as a function of the flattening pa-
rameter β of the central nucleus. The green horizontal lines at -2 and
+2 delimit the range of S.I. for which the periodic orbits are stable.
The gray shaded areas, on the other hand, correspond to S.I. values of
unstable periodic orbits.
orbits which hosts the 3:2 family is being reduced with
increasing β.
Fig. 8 shows the evolution of the percentages of the chaotic
orbits and of the main families of regular orbits as β varies.
It can be seen, that there is a strong correlation between the
percentages of most types of orbits and the value of β. When
the central nucleus is highly prolate (β = 0.1) the majority
of stars move in chaotic orbits. However, as the nucleus be-
comes less prolate, the rate of box orbits increases rapidly
and box orbits is the most populated family in the interval
0.3 ≤ β ≤ 0.7. On the other hand, when β > 0.7 the percent-
age of chaos increases again and remains the dominant type
of motion throughout, fluctuating around 28%. The percent-
age of the 2:1 resonant family decreases steadily with in-
creasing β. On the contrary, both 1:1 and 4:3 resonant fam-
ilies increase gradually their rates mainly at the expense of
box orbits and 2:1 banana-type orbits and when β = 1.9 it
seems to tend to a common value around 12%. Similarly,
at the higher value of β studied (β = 1.9) the percentages of
box and 2:1 orbits tend to coincide around 22%, thus sharing
about two fifths of the entire phase plane. The percentage of
the 3:2 resonant orbits decreases sharply for small values of
β (β < 0.7), while this tendency is reversed at higher val-
ues of the flattening parameter (β ≥ 0.7). The 2:3 resonant
family exists only when β < 0.7 and holds very small per-
centages around 1%. The percentages of the 6:5 and higher
resonant orbits are almost unperturbed by the shifting of the
value of the flattening parameter β. Therefore, taking into
account all the results obtained from the diagram shown in
Fig. 8, one may reasonably conclude that the flattening pa-
rameter of the central non spherical nucleus affects consid-
erably almost all types of orbits in disk galaxy models.
Of particular interest, is to investigate how the variation
in the flattening parameter of the central non spherical nu-
cleus influences the position of the periodic points of the dif-
ferent families of periodic orbits shown in the grids of Figs.
6 and 7. For this purpose, we shall use the theory of peri-
odic orbits [44] and the algorithm developed and applied in
[77]. In Fig. 9(a-f) we present the evolution of the starting
position of the parent periodic orbits of the six basic fam-
ilies of resonant orbits. The evolution of the 2:1, 2:3 and
4:3 families shown in Figs. 9(a-c), is two-dimensional since
the starting position (R0, 0) of these families lies on the R
axis. On the contrary, studying the evolution of the 1:1, 3:2
and 6:5 families of periodic orbits is indeed a real challenge
due to the peculiar nature of their starting position (R0, R˙0).
In order to visualize the evolution of these families, we need
three-dimensional plots such as those presented in Figs. 9(d-
f), taking into account the simultaneous relocation of R0 and
R˙0.
The stability of the periodic orbits can be obtained from
the elements of the monodromy matrix X(t) as follows:
S.I. = Tr [X(t)] − 2, (16)
where Tr stands for the trace of the matrix, and S.I. is the
stability index. For each set of values of β, we first located,
by means of an iterative process, the position of the parent
periodic orbits. Then, using these initial conditions we inte-
grated the variational equations in order to obtain the matrix
X, with which we computed the index S.I. Our numerical
calculations indicate, that in disk galaxy models with non
spherical nuclei, there are stable as well as unstable peri-
odic orbits. In Figs. 9(a-f) green dots correspond to stable
periodic orbits, while red dots correspond to unstable ones.
We see, that the 2:1, 1:1, 3:2 and 4:3 periodic orbits remain
stable throughout the entire range of the values of β. On
the other hand, in the case of the 2:3 resonance there is a
limit of stability at β = 0.4151, while the resonant family
ceases to exist when β = 1.4201. It is worth noticing, that
in the grid shown in Fig. 6c there is no evidence of well-
defined islands of initial conditions corresponding to the 2:3
resonance, however, Fig. 9b clearly indicates that the reso-
nance is indeed present, although evidently deeply buried in
the chaotic sea due to its unstable nature. Furthermore, one
may observe, that the vast majority of the 6:5 periodic or-
bits are stable, except the regions 0.01 ≤ β ≤ 0.2579 and
1.8421 ≤ β ≤ 1.9 in which the periodic orbits become un-
stable. Thus it becomes clear, that the flattening parameter
of the central non spherical nucleus of the disk galaxy plays
a fundamental role in the stability of the different regular
families, which in turn determines which ones are present in
each case.
Another perspective of the stability of the families of pe-
riodic orbits is given in Fig. 10, where we present the evo-
lution of the stability parameter S.I. of the families of peri-
odic orbits shown in Figs. 9(b-g) as a function of the flatten-
ing parameter β of the central nucleus. The periodic orbits
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Fig. 9 Evolution of the starting position (R0, R˙0) of the periodic orbits as a function of the flattening parameter β of the central non spherical
nucleus. (a) 2:1 resonant family; (b) 2:3 resonant family; (c) 4:3 resonant family; (d) 1:1 resonant family; (e) 3:2 resonant family; (f) 6:5 resonant
family. Green dots correspond to stable periodic orbits, while unstable periodic orbits are marked with red dots.
are stable if only the stability parameter (S.I.) is between -2
and +2. We observe, that only the 2:3 and 6:5 families cross
the stability boundaries thus entering the gray shaded areas
which denote instability. Moreover, we see that the stability
index of the 3:2 and 4:3 families evolves almost asymptot-
ically to the stability boundaries nevertheless, it never ex-
ceeds them in both cases.
5 “Fast” indicators of chaos
Many methods to determine whether a given orbit is chaotic
or regular have been developed in the last decades. The al-
ready mentioned mLCN, which is a finite-time estimate of
the maximum Lyapunov exponent of an orbit, is generally
considered the most robust of all, just because its zero or
non-zero value does itself define chaos. However, two com-
mon criticisms to this method are the heavy numerical work
it involves, and the already mentioned fact that it is not easy
to establish a numerical zero to disentangle null mLCNs
from non-zero ones, thus sometimes requiring long integra-
tion times until an orbit reveals itself as regular or chaotic.
This is specially true with sticky orbits, as mentioned before
in Section 3.
Thus, most of the newer methods were developed with
a “fast” performance in mind. Among them, we can men-
tion the Frequency Map Analysis [40], the stretching num-
bers, also known as Short Time Lyapunov Characteristic
Numbers [66,18], the Fast Lyapunov Indicator (FLI) [23],
the Relative Lyapunov Indicator (RLI) [53,54], the spec-
tral distance [67], the Mean Exponential Growth factor of
Nearby Orbits (MEGNO) [17,43], the Smaller Alignment
Index (SALI) [60,61], the Generalized Alignment Index (GALI)
[62], the Fast Norm Vector Indicator (FNVI) [75], the corre-
lation integral [14,15], the “Patterns Method” [58], the Av-
erage Power Exponent (APLE) [42], the Fast Fourier Trans-
form of time intervals between successive points on the PSS
[37], the dynamical spectra of orbits [74], the method of the
low frequency power (LFP) [69], the “01” test [27], as well
as some other more recently introduced techniques [31,57],
among others.
Thus, we had begun our investigation applying both the
FLI and SALI indicators using a relatively short integration
time of 103 time units, in order to save computation time.
But, in an attempt to validate our results, we made a cou-
ple of much longer integrations. We were surprised to see,
that the classification of a non-negligible number of orbits
changed. Fig. 11 shows, for the set of 7173 orbits of Fig.
6f (β = 1 model), how the number of regular orbits shifted
along with the time span of the orbital integration for both
chaos indicators. In Fig. 12 we present two dense grids of
initial conditions (R0, R˙0), where the values of FLI (left) and
SALI (right) are plotted using different colors. We clearly
observe several regions of regularity indicated by light red-
dish colors as well as a unified chaotic domain (blue/purple
dots), while intermediate colors suggest the location of ini-
tial conditions of sticky orbits, with a sticky period more
than 104 time units.
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(a) (b)
Fig. 12 Regions of different values of the (a-left): FLI and (b-right): SALI on the (R, R˙) phase plane when the flattening parameter is b = 1.
Light reddish colors correspond to ordered motion, dark blue/purplr colors denote chaotic motion, while all the intermediate ones suggest initial
conditions of sticky orbits, with sticky period more than 104 time units.
(a) (b)
Fig. 13 (a-left): The structure of the (R, R˙) phase plane when R˙ > 0 for the β = 1 model. The red dots correspond to misclassified orbits using
together the FLI and SALI with a short integration time of 103 time units. (b-right): Magnification of an area of the PSS shown in Fig. 13a which
contains tiny hidden stability islands very close to the location of the misclassified orbits.
In order to see whether the misclassified orbits had some
common feature, we plotted in Fig. 13a their initial condi-
tions in a (R, z = 0, R˙, z˙ > 0) Poincare´ Surface of Section
(PSS) (note that it is the classical PSS but with R˙ > 0). The
red dots correspond to orbits that have been misclassified
using combined the FLI and the SALI method with an inte-
gration of 103 time units. It can be seen, that many of these
orbits are located very close to the boundaries of islands of
invariant curves, i.e., they are probably sticky orbits. We ex-
amined by eye several of these orbits, confirming that they
were indeed sticky, behaving as regular ones during a time
longer than the shorter integration times.
As per the red dots of Fig. 13a which do not fall close
to visible islands of invariant curves, we suspected that they
are also sticky orbits and therefore, there should be small in-
visible islands they are stuck to. To prove this, we conducted
a more thorough scan of the PSS of Fig. 13a. Our investiga-
tion was successful, as we may observe in Fig. 13b. Thus,
most if not all of the misclassified orbits are close to islands
of regularity. As a reference, the initial conditions of the or-
bit producing the chain of the blue islands shown in Fig. 13b
are: R0 = 1.51, z0 = 0, R˙0 = 34.08, while the value of z˙0 was
obtained from the energy integral (12).
One may reasonably suppose, that the false classification
of some orbits using short integration time may be due to
the particular choice of chaos indicators; the FLI and SALI
in our case. In order to prove that the false classification is
caused by the intrinsic nature of the orbits and therefore is
independent of the chaos indicator, we chose a misclassified
orbit with initial conditions: R0 = 0.4, z0 = 0, R˙0 = 3.5 from
the β = 1 model and computed for a time interval of 104
time units not only the FLI and the SALI but also the mLCN,
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Fig. 14 Time evolution of several chaos indicators (a): mLCN, (b): RLI, (c): FLI, (d): SALI, (e): MEGNO and (f): GALIk for a time interval
of numerical integration of 104 time units for a sticky orbit. The vertical orange, dashed line defines the exact time at which the transition from
regularity to chaos takes place.
the RLI, the MEGNO and the GALIk. Our results are pre-
sented in Figs. 14(a-f). We see, that from time-evolution of
all chaos indicators we can draw the very same conclusion,
that is, for t . 1660 time units this particular orbit seems
to be regular, but if we integrate it for a larger time interval
(t > 1660 time units) the true chaotic nature of the orbit is
eventually revealed. Looking carefully at the time-evolution
of the mLCN shown in Fig. 14a, we observe that even when
t > 1660 time units the mLCN indicates that the particular
orbit is still regular and only after about 3000 time units later
(for t > 4680) it signifies chaoticity. This result supports
our previous statement that sometimes the mLCN requires
longer integration times than other chaos indicators until it
reveals the true chaotic nature of an orbit.
We therefore used an integration time of 104 time units
throughout. We then established new thresholds by taking
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Fig. 11 Number of orbits classified as regular from a total of 7173
orbits in the β = 1 model, using the FLI and SALI chaos indicators,
as a function of the total time of the numerical integration. For both
indicators the threshold values were fixed; 10 for the FLI and 10−7 for
the SALI.
Fig. 15 FLI and SALI of a set of orbits computed when β = 1. The blue
lines show the resulting thresholds which separate regular (green) from
chaotic (red) orbits. The orange dots inside the gray shaded areas, on
the other hand, indicate orbits classified differently by both indicators
using a time interval of 104 time units of numerical integration.
advantage of our computation of two chaos indicators, as
follows. First, the set of orbits of a given grid was integrated,
as we already said, for 104 time units (i.e., about 1012 years,
thus avoiding sticky orbits with a stickiness at least of the
order of one Hubble time). Then, their FLI and SALI were
computed, and we looked for those values of the thresholds
that maximised the agreement in the classification of both
methods. We found those values which leave less than 1%
of orbits per grid differently classified by both methods. Fig.
Table 2 Total number of orbits in each grid that classified differently
by both indicators (FLI and SALI) using either short integration time
of 103 time units (N) or long integration time of 104 time units (N′).
Thresholds TF and TS obtained for the FLI and the SALI, respectively
from the long integration.
β logTF logTS N N′
0.1 0.898 -5.527 29 3
0.3 0.871 -4.892 71 0
0.5 0.922 -5.211 81 7
0.7 0.842 -5.819 37 1
0.9 1.011 -5.418 62 5
1.0 0.962 -5.374 44 8
1.1 0.952 -5.822 35 2
1.3 1.019 -5.013 56 9
1.5 0.881 -4.970 69 0
1.7 0.975 -5.751 41 4
1.9 0.981 -5.406 73 6
15 shows the resulting thresholds for both indicators when
β = 1. The horizontal and vertical blue lines correspond to
the new established threshold values for the FLI and SALI
which are log10(FLI) = 0.962 and log10(SALI) = −5.374.
Green dots indicate regular orbits, while chaotic orbits are
marked with red dots. However, we can observe eight orange
dots, corresponding to orbits for which the classifications of
both indicators did not coincide. Similar results apply to all
other grid models. As a reference, Table 2 shows the num-
ber of orbits which didn’t get the same classification in every
model using either 103 or 104 time units of numerical inte-
gration. Here we must point out, that all grids contain the
same number of initial conditions of orbits which is 7173.
It is evident from Table 2, that using larger integration
time the number of misclassified orbits in every grid has
been considerably reduced. Nevertheless, this don’t solve
completely the problem; in fact, there will always be (in a
non integrable potential) sticky orbits which behave as regu-
lar ones during arbitrarily large times, rendering any attempt
to develop an algorithm which finds them all in a short time
hopeless. Thus, the moral of the story is that the adjective
“fast” which is attached to many chaos detection algorithms
should not be interpreted as “which detects chaos at an ear-
lier dynamical time than the mLCN”, as sometimes is used,
but as “computationally faster than the mLCN”.
6 Discussion and Conclusions
In the present paper, we used an analytic, axially symmet-
ric galactic gravitational model which embraces the gen-
eral features of a disk galaxy with an additional central, non
spherical and dense nucleus. In order to simplify our study,
we chose to work in the meridional plane (R, z), thus reduc-
ing three-dimensional motion to two-dimensional. Our aim
was to investigate how influential is the flattening parame-
ter β which controls the shape of the central nucleus, on the
level of chaos and also on the distribution of regular families
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in our disk galaxy model. Our extensive numerical results
suggest, that the level of chaos as well as the different fami-
lies of regular orbits are indeed very dependent on the shape
(prolate, spherical or oblate) of the central galactic nucleus.
A disk galaxy with a non spherical nucleus is undoubt-
edly a very complex entity and, therefore, we need to assume
some necessary simplifications and assumptions in order to
be able to study mathematically the orbital behavior of such
a complicated stellar system. For this purpose, our model is
intentionally simple and contrived, in order to give us the
ability to study all the different aspects regarding the kine-
matics and dynamics of the model. Nevertheless, contrived
models can provide an insight into more realistic stellar sys-
tems, which unfortunately are very difficult to be studied,
if we take into account all the astrophysical aspects. Self-
consistent models on the other hand, are mainly used when
conducting N-body simulations. However, this application
is entirely out of the scope of the present research. Once
again, we have to point out that the simplicity of our model is
necessary; otherwise it would be extremely difficult, or even
impossible, to apply the extensive and detailed dynamical
study presented in this study. Similar gravitational models
with the same limitations and assumptions were used suc-
cessfully several times in the past in order to investigate the
orbital structure in much more complicated galactic systems
(e.g., [73,76]).
Since a distribution function of the galaxy model was
not available so as to use it for extracting the different sam-
ples of orbits, we had to follow an alternative path. So, for
determining the regular or chaotic nature of motion in our
models, we chose, for each set of values of the flattening pa-
rameter, a dense grid of initial conditions in the (R, R˙) phase
plane, regularly distributed in the area allowed by the value
of the orbital energy E. Each orbit was integrated numer-
ically for a time period of 104 time units (10 billion yr),
which corresponds to a time span of the order of hundreds
of orbital periods but of the order of one Hubble time. The
particular choice of the total integration time was made in
order to eliminate sticky orbits (classifying them correctly as
chaotic orbits) with a stickiness at least of the order of one
Hubble time. Then, we made a step further, in an attempt
to distribute all regular orbits into different families. There-
fore, once an orbit has been characterized as regular, we then
further classified it using a frequency analysis method. This
method calculates the Fourier transform of the coordinates
and velocities of an orbit, identifies its peaks, extracts the
corresponding frequencies and then searches for the funda-
mental frequencies and their possible resonances.
In this work, we revealed the influence of the flattening
parameter β of the central non spherical nucleus on the level
of chaos and also on the distribution of the regular families
among its orbits in disk galaxy models with non spherical
nuclei. The main results of our research can be summarized
as follows:
1. In our galaxy models several types of regular orbits exist,
while there is also an extended chaotic domain separat-
ing the areas of regularity. In particular, most types of
regular orbits, such as the box, 1:1, 2:1, 3:2, 4:3, 6:5,
higher resonant and chaotic orbits are always present
when β varies. The 2:3 resonant family, on the other
hand, disappears when the flattening parameter obtains
high values (β > 0.5). Here we must clarify, that by the
term “higher resonant orbits” we refer to resonant or-
bits with a rational quotient of frequencies made from
integers > 5, which of course do not belong to the main
families.
2. There is a strong correlation between the percentages of
most types of orbits and the value of the flattening pa-
rameter. Almost throughout the values of β chaotic mo-
tion is the dominant type of motion; only when 0.3 ≤
β ≤ 0.7 regular motion prevails being the box orbits
the most populated family. Generally, the percentages of
box and 2:1 resonant orbits decrease, while the rates of
the 1:1 and 4:3 resonant orbits exhibit a constant growth
with increasing β. The portion of 3:2 resonant orbits de-
creases sharply for small values of β (β < 0.7), while this
tendency is reversed at higher values of the flattening pa-
rameter (β ≥ 0.7). The 2:3 resonant family is stable only
when β < 0.4, while for larger values of β it becomes un-
stable and finally ceases to exist. The rates of the 6:5 and
higher resonant orbits on the other hand, are almost un-
perturbed by the shifting of the value of β. Summarizing,
our numerical calculations indicate that the flattening pa-
rameter of the central non spherical nucleus affects more
or less almost all types of orbits in disk galaxy models.
3. In disk galaxy models with non spherical nuclei, there
are stable as well as unstable periodic orbits. We found,
that the 2:1, 1:1, 3:2 and 4:3 periodic orbits remain sta-
ble throughout the entire range of the values of β. On the
contrary, the 2:3 and 6:5 families of periodic orbits con-
tain not only stable but also a considerable amount of un-
stable periodic orbits. Therefore, we may conclude that
the flattening parameter β affects substantially the sta-
bility of the regular families of orbits, hinting at a deep
interplay between chaos and proportion of regular fami-
lies.
Over the last years, several dynamical indicators for dis-
tinguishing between ordered and chaotic motion have been
developed. The vast majority of these indicators is based on
the evolution of sets of deviation vectors in order to char-
acterize an orbit and most of them claim to be equally re-
liable and fast. Therefore, based on this assumption we ap-
plied both the FLI and SALI indicators using a relatively
short integration time of only 103 time units, in order to save
computation time. However, after performing a few longer
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integrations using a time interval of 104 time units, we re-
alized that a non-negligible number of orbits was in fact
misclassified. What happened was that both chaos indica-
tors failed to identify the true chaotic nature of sticky orbits
due to the short available integration time. Thus, we may
conclude that the so called “fast” indicators of chaos cannot
reliably identify chaos when the orbits are numerically inte-
grated for short time intervals. They may be computationally
faster than the traditional mLCN method, but they cannot
overcome the intrinsic difficulty of disentangle sticky orbits
form regular ones. As an aside, we found that, by combin-
ing two chaos indicators; the FLI and the SALI algorithms
in our case, we can define for both methods reliable thresh-
olds, thus separating more accurately chaotic from regular
motion. However, the particular thresholds are valid only in
our galaxy model. The bottom line of our research is that in
every dynamical system one should initially perform thor-
ough statistical tests in order to define the best thresholds of
the chaotic indicators and also use sufficient time of numer-
ical integration, thus minimizing as possible the amount of
misclassified orbits.
We consider the results of the present research as an ini-
tial effort and also a promising step in the task of exploring
the orbital structure of disk galaxies with non spherical nu-
clei. Taking into account that our outcomes are encouraging,
it is in our future plans to modify properly our dynamical
model in order to expand our investigation into three dimen-
sions, thus unveiling how the flattening parameter influences
the nature of the three-dimensional orbits. Also, of particu-
lar interest would be to obtain the entire network of periodic
orbits, revealing the evolution of the periodic points as well
as their stability when varying all the available parameters
of our model.
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